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ON THE CONTINUOUS RESONANT EQUATION FOR NLS 
II. STATISTICAL STUDY 

PIERRE GERMAIN, ZAHER HANI, AND LAURENT THOMANN 


Abstract. We consider the continuous resonant (CR) system of the 2D cubic nonlinear Schrodinger 
(NLS) equation. This system arises in numerous instances as an effective equation for the long-time 
dynamics of NLS in confined regimes (e.g. on a compact domain or with a trapping potential). The 
system was derived and studied from a deterministic viewpoint in several earlier works Iff)!. 13 ' 12l . 
which uncovered many of its striking properties. This manuscript is devoted to a probabilistic study of 
this system. Most notably, we construct global solutions in negative Sobolev spaces, which leave Gibbs 
and white noise measures invariant. Invariance of white noise measure seems particularly interesting 
in view of the absence of similar results for NLS. 


1. Introduction 

1.1. Presentation of the equation. The purpose of this manuscript is to construct some invari¬ 
ant measures for the so-called continuous resonant HCRD system of the cubic nonlinear Schrodinger 
equation. This system can be written as 


(CR) 


idtu = T(u,u,u), (t,x) € 

u(0,x) = f(x), 


where the operator T defining the nonlinearity has several equivalent formulations corresponding to 
different interpretations/origins of this system. In its original formulation [TO] as the large-box lirnilQ 
of the resonant cubic NL£0. T can be written as follows: For z£l 2 and (aq,^) € M 2 , denoting by 
x L = (—X 2 ,X 2 ), we have 


T(/l,/2,/ 3 )(z) d = 


fi(x + z)f 2 (Xx ± + z)fs(x + Ax 2 - + z) dx d\. 
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^Starting with the equation on a torus of size L and letting L —>• oo. 

2 This is NLS with only the resonant interactions retained (a.k.a. first Birkhoff normal form). It gives an approximation 
of NLS for sufficiently small initial data. 
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This integral can be understood as an integral over all rectangles having z as a vertex. It has the 
following equivalent formulation m- 


T(/i,/2,/ 3 ) = 27r 


/ 

Jr 


—it A 


(e- A / 1 )(e^/ 2 )(e^/ 3 ) 


At A 


dr. 


It was shown in m that the dynamics of (1CRI) approximate that of the cubic NLS equation on a 
torus of size L (with L large enough) over time scales ~ L 2 /e 2 (up to logarithmic loss in L), where e 
denotes the size of the initial data. 

Another formulation of (1Cfill comes from the fact that it is also the resonant system for the cubic 
nonlinear Schrodinger equation with harmonic potential given by: 


( 1 . 1 ) 


idtu — A u + \x\ 2 u = n\u\ 2 u, /i = cst € M. 


In this picture, T can be written as follows: Denoting by H := — A + \x\ 2 = ~d 2 x — <9 2 2 + x\ + x 2 the 
harmonic oscillator on R 2 , then 


T(/l,/2,/ 3 )=27T 


7 

/: 


AtH 


(e~ lTH h)(e~ lTH f 2 )(e~ iTH f 3 ) 


dr. 


As a result, the dynamics of (ICRD approximate the dynamics of (11.11) over long nonlinear time scales 
for small enough initial data. 

The equation (ICRD is Hamiltonian: Indeed, introducing the functional 


£(ui,U2,U 3 ,Ui) 


( = f (T(ui,U 2 ,U3) , U A ) L 2 

= 27r / f {e~ ltH ui){e~ ltH U2){e~ ltH U2,){e~ ltH U4)dx dt, 
J-% J R 2 


and setting 


£(u) := £(u, u, u, u), 

then (ICRD derives from the Hamiltonian £ given the symplectic form co(f,g ) 
on L 2 (R 2 ), so that (ICRD is equivalent to 


—43m(/ , g ) L2(Ra) 


idtf 


1 d£(f) 

2 df 


In addition to the two instances mentioned above in which (ICRD appears to describe the long-time 
dynamics of the cubic NLS equation - with or without potential - we mention the following: 

• The equation (ICRD appears as a modified scattering limit of the cubic NLS on R 3 with harmonic 
tapping in two directions. Here, (ICRD appears as an asymptotic system and any information 
on the asymptotic dynamics of (ICRD directly gives the corresponding behavior for NLS with 
partial harmonic trapping. We refer to Hani-Thomann m for more details. 

• When restricted to the Bargmann-Fock space (see below), the equation (ICRD turns out to be 
the Lowest-Landau-Level equation, which describes fast rotating Bose-Einstein condensates 
(see wmm- 

• The equation (ICRD can also be interpreted as describing the effective dynamics of high fre¬ 
quency envelopes for NLS on the unit torus T 2 . This means that if the initial data y?(0) for 
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NLS has its Fourier transform given b}0 {(p(0,k) ~ 9o(jj)}kez 2 i and if g(t) evolves according 
to (ICRD with initial data go and ip(t) evolves according to NLS with initial data <p(0), then 
g(t, jj) approximates the dynamics of <p(t, k) in the limit of large N (see |10l Theorem 2.6]). 


1.2. Some properties and invariant spaces. We review some of the properties of the (ICRD equa¬ 
tion that will be useful in this paper. For a more detailed study of the equation we refer to mm- 
First, (ICRD is globally well-posed in L 2 (R 2 ). Amongst its conserved quantities, we note 

/ \u\ 2 dx, / (\x\ 2 \u\ 2 + \Vu\ 2 ) dx = / uHudx , 

Jr 2 Jr 2 Jm 2 

(recall that H denotes the harmonic oscillator H = —A + |x| 2 ). This equation also enjoys many 
invariant spaces, in particular: 

• The eigenspaces (En)n>o of the harmonic oscillator are stable (see PIECE]). This is a man¬ 
ifestation of the fact that (ICRD is the resonant equation associated to (II.ID . Recall that H 
admits a complete basis of eigenvectors for L 2 (R 2 ); each eigenspace E w (N = 0, 1,2, ...) has 
dimension N + 1. 

• The set of radial functions is stable, as follows from the invariance of H under rotations 
(see [123). Global dynamics on L 2 ad (M: 2 ), the radial functions of L 2 (R 2 ), can be defined. A 
basis of normalized eigenfunctions of H for L 2 ad (M?) is given by, 

if n € N, <p r n ad {x ) = ^4°)(|x| 2 )e-^ with 4 0) (x) = e x -, ( 4 ( e~ x x k ). 

y/TT n\ \dxJ 


( 1 . 2 ) 


We record that E[ip™ d = (4 n + 2)p r k ad . 

If 0(C) stands for the set of entire functions on C (with the identification z = x i + ix 2 ), the 
Bargmann-Fock space L| oZ (M 2 ) = L 2 (R 2 ) Cl (0(C)e~l 2 l 2 / 2 ) is invariant by the flow of (ICRD . 
Global dynamics on L 2 ,(R 2 ) can be defined. A basis of normalized eigenfunctions of H 
for L 2 lo [( R 2 ) is given by the “holomorphic” Hermite functions, also known as the “special 
Hermite functions”, namely 


if n € N, <p%*(x) 


-=(x! +ix 2 ) n e-N 2 / 2 . 

V7rn! 


Notice that 


EL(Pn° l = 2 (n + 1 )(Pn° l ■ ^ is proved in [12] that 

) ‘Pn 2 ) fn 3 ) = a rii,n 2 ,n 3 ,n^ni j R-4 = + n 2 — U-3, 


with 


a ni,n 2 ,n 3 ,n4 


hol 


n<? ni 


..hol 

Vn 2 




hol 
n 3 5 



7T (ni+n 2 )l 

8 2"i+"2v^«2!n 3 !n 4 ! ni+n2=n3+ni 


As a result, the (ICRD system reduces to the following infinite-dimensional system of ODE 
when restricted to Span{</p n } n6 N: 


id t c n {t) = E &ni,n2,nz,nCni (t)c n2 (t)c n3 {t). 

n\,n 2 ,n 3 &i 

ni+n 2 —n 3 =n 


^Up to a normalizing factor in H s , s > 1. 
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1.3. Statistical solutions. In this paper we construct global probabilistic solutions on each of the 
above-mentioned spaces which leave invariant either Gibbs or white noise measures. More precisely, 
our main results can be summarized as follows: 

• We construct global strong flows on 

x r %(M 2 ) = n CT>0 

and on 

XL(M 2 ) := (n CT>0 W CT (M 2 )) n (O(C)e-N 2 / 2 ), 
which leave the Gibbs measures invariant (see Theorem im 

• We construct global weak probabilistic solutions on 

x-^r 2 ) := (n ff> i n~ a { R 2 )) n (O(C)e-N 2 / 2 ), 

and this dynamics leaves the white noise measure invariant (see Theorem 12.61) . 

Since the 90’s, there have been many works devoted to the construction of Gibbs measures for 
dispersive equations, and more recently, much attention has been paid to the well-posedness of these 
equations with random initial conditions. We refer to the introduction of |20j for references on the 
subject. In particular, concerning the construction of strong solutions for the nonlinear harmonic 
oscillator (which is related to (1CR| ). we refer to [26, |3l 8, [13 Q2J 20] . 

Construction of flows invariant by white noise measure is much trickier due to the low regularity 
of the support of such measures, and there seems to be no results of this sort for NLS equations. 
We construct weak solutions on the support of the white noise measure on X^(R 2 ) using a method 
based on a compactness argument in the space of measures (the Prokhorov theorem) combined with 
a representation theorem of random variables (the Skorohod theorem). This approach has been first 
applied to the Navier-Stokes and Euler equations in Albeverio-Cruzeiro [2j and Da Prato-Debussche [7] 
and extended to dispersive equations by Burq-Thomann-Tzvetkov [3]. We refer to [3] for a self- 
contained presentation of the method. 

1.4. Notations. Define the harmonic Sobolev spaces for s € R, p > 1 by 

W s,p = = G £P( R 2^ H s/2 u g = yys,2 

They are endowed with the natural norms ||rt||w s >p- Up to equivalence of norms we have for s > 0, 
1 < p < Too (see [28, Lemma 2.4]) 

(1.3) |M|w s ’P = \\H s / 2 u\\lp = ||(-A) s / 2 u||i,p T || (x) s u\\lp- 

Consider a probability space (12,2", p). In all the paper, {g n , n > 0} and {g n ,ki n > 0, 0 < k < n} 
are independent standard complex Gaussians A/"c(0,1) (their probability density function reads thus 
—e~\ z \ dz , dz being Lebesgue measure on C). If A is a random variable, we denote by 2zf(X) its law 
(or distribution). 

We will sometimes use the notations Lj , = L P (—T,T ) for T > 0. If E is a Banach space and g is a 
measure on E , we write L )] = L p (dg) and = || ||u||e|| l p ■ We define A"°'(R 2 ) = f] r<cr "H r (R 2 ), 

and if / C R is an interval, with an abuse of notation, we write C(/; A <T (R 2 )) = P| r<o .C(/;'H r (R 2 )). 

Finally, N denotes the set of natural integers including 0; c, C > 0 denote constants the value of 
which may change from line to line. These constants will always be universal, or uniformly bounded 
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with respect to the other parameters. For two quantities A and B, we denote A < B if A < CB, and 
A « B if A < B and A > B. 


2. Statement of the results 

As mentioned above, we will construct strong solutions on the support of Gibbs measures and prove 
the invariance of such measures. For white noise measures, solutions are weak and belong to the space 
CtX -1 . We start by discussing the former case. 


2.1. Global strong solutions invariant by Gibbs measure. 


2.1.1. Measures and dynamics on the space Ejn. The operator H is self-adjoint on L 2 (M 2 ), and 
has the discrete spectrum {2N + 2, N G N}. For N > 0, denote by En the eigenspace associated to 
the eigenvalue 2 N + 2. This space has dimension N + 1. Consider {g>N,k)o<k<N an y orthonormal basis 
of Ej\f. Define jn G L 2 (D; En) by 


7 n(u,x) 


1 

VnTT 


N 

^2gN,k(u)vN,k( x )- 

k =0 


The distribution of the random variable yv does not depend on the choice of the basis, and observe 
that the law of large numbers gives 


IItv|Il 2( R 2) — jy _i_ x E \dN,k(u)\ 2 —> 1 a.s. when N —> +oo. 

1 k =0 

Then we define the probability measure /j>n = 7#P '■= P ° Tjy 1 on EN■ 

The L p properties of the measures /in have been studied in m with an improvement in [21 j . We 
mention in particular the following result 


Theorem 2.1 ((151121]). There exist c, Ci, C 2 > 0 such that for all N > Nq 


Hn 


u € E n : Ci N 1/2 (logA0 1/2 |M| L 2 (R 2) < ||u|| L <x.( M 2 ) < C 2 N 1/2 (log A0 1/2 |M| i2 ( R 2) 


> 1 — N~ 


This proposition is a direct application of [211 Theorem 3.8] with h = N^ 1 and d = 2. Notice 
that for all u G En, we have ||it||^s = (2N + 2) s /-\\u\\ L 2 . The best (deterministic) L°°-bound for an 
eigenfunction u € En is given by Koch-Tataru m 

( 2 -i) II w IIl°°(e 2 ) < c , II' u IIl 2 (e 2 ) ) 

and the previous estimate is optimal, since it is saturated by the radial Hernrite functions. There¬ 
fore the result of Theorem 12. 1 1 shows that there is almost a gain of one derivative compared to the 
deterministic estimate (12.11) . 

It turns out that the measures /in ar e invariant under the flow of (ICRI) . and we have the following 
result. 
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Theorem 2.2. For all N > 1, the measure pjy is invariant under the flow $ of (I CRD restricted 
to En. Therefore, by the Poincare theorem, p^-almost all u € Ejy is recurrent in the following sense: 
for p^-almost all uq € En there exists a sequence of times t n —> +oo so that 

n Hm o ||$(i n >o-uo|| L2 ( ]R2) = 0 . 

In the previous result, one only uses the invariance of the probability measure p^ by the flow, and 
no additional property of the equation (ICRD . 

2.1.2. Gibbs Measure on the space X°(R 2 ) and a well-posedness result. In the sequel we 
either consider the family (p 7 fl d ) n > o of the radial Hermite functions, which are eigenfunctions of H 
associated to the eigenvalue \ r fl d = 4n + 2; or the family (<Pn° l ) n >o of the holomorphic Hermite 
functions, which are eigenvalues of H associated to the eigenvalue X do1 = 2n + 2. Set 

x r ° ad (M 2 ) = n a>0 n;: d (R 2 ), 
x° hol (R 2 ) ■.= (n ff> 0 n^(f 2 )) n ( 0 (C)e-i*i 2 / 2 ). 

In the following, we denote X*(R 2 ) for X° ad (M 2 ) or X° oi (M 2 ), <p* for ip™ d or p do1 , etc... 

Define now 7 * 6 L 2 (Q-,X®(. R 2 )) by 

7*(W,X) = 2^ —=ip n (x), 

n =0 V *n 

and consider the Gaussian probability measure /r* = ( 7 *)#p := p o y” 1 - 

Lemma 2.3. In each of the previous cases, the measure p* is a probability measure on X*(R 2 ). 

Notice that since (ICRD conserves the PL 1 norm, p* is formally invariant by its flow. More generally, 
we can define a family (p+ t p)p>o of probability measures on X*(R 2 ) which are formally invariant 
by (ICRD in the following way: define for ft > 0 the measure p* = p* i( g by 

(2.2) dpflu) = CpeT^^ dpflu), 

where Cp > 0 is a normalising constant. In Lemma [3.21 we will show that £{u) < + 00 , p* a.s., which 
enables us to define this probability measure. 

For all (3 > 0, p*(-^*(R 2 )) = 1 and p*(L 2 (R 2 )) = 0. 

Remark 2.4. Observe that we could also give a sense to a generalised version of (12.2D when ft < 0 
using the renormalizing method of Lebowitz-Rose-Speer. We do not give the details and refer to [3] for 
such a construction. 

We are now able to state the following global existence result. 

Theorem 2.5. Let ft > 0. There exists a set £ C X(*(R 2 ) of full p* measure so that for every f G £ 
the equation (ICRD with initial condition u( 0) = / has a unique global solution u(t) = 3>(t)/ such that 
for any 0 < s < 1/2 

u(t)-f € C (R;"H s (R 2 )). 

Moreover, for all a > 0 and t G R 

ll' u ( i )ll'P- <T (R 2 ) — C(A(f,a) + In 2 (l + |i|)), 
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and the constant A(/, cr) satisfies the bound p*(/ : A(/, <7) > A) < Ce cX2 . 

Furthermore , the measure p* is invariant by <5: For any p* measurable set A C E, /or any t € R, 
p*(A) = p*($(t)(A)). 

2.2. White noise measure on the space X^(M 2 ) and weak solutions. Our aim is now to 

construct weak solutions on the support of the white noise measure. Consider the Gaussian random 
variable 


(2.3) 


7(w,x) 


+OO 


n =0 


1 ( ^ (ai + ix 2 ) n gn(u) \ _ N 2 /2 

n =0 


and the measure fi = p o 7 1 . As in Lemma 12.31 we can show that the measure /i is a probability 
measure on 

X-1(R 2 ) := (rv>i 7r CT (R 2 )) n (0( C)e-^ 2 / 2 ). 

Since |M|l 2 (r 2 ) is preserved by (ICRD . p is formally invariant under (1CRI) . We are not able to dehne 
a flow at this level of regularity, however using compactness arguments combined with probabilistic 
methods, we will construct weak solutions. 

Theorem 2.6. There exists a set X C X^(M 2 ) of full p measure so that for every f € X the 
equation ([CR]) with initial condition u( 0 ) = / has a solution 


u£ p| C (R ; 'H~ cr (M 2 )). 

<T>1 


The distribution of the random variable u(t ) is equal to p (and thus independent of t € M.): 

-^x-Rr 2 ) { u (t)) = -^x-Rr 2 ) ( u (0)) = Ti Vt € M. 

Remark 2.7. One can also define the Gaussian measure p = P 07' 1 on X _ 1 (R 2 ) = n 0 ->i'H~ fT (R 2 ) 
by 

+00 1 n 

7(w, x) = —= ^2 9n,k(u)(p n ,k(x), A n = 2n + 2 

n =0 V k=- n 

(where the <p n) k are an orthonormal basis of eigenfunctions of the harmonic oscillator and the angular 
momentum operator). Since ||u||-^i( R 2 ) is preserved by (ICR P . p is formally invariant under (ICRI) . but 
we are not able to obtain an analogous result in this case. 

The same comment holds for the white noise measure p = p o 7 -1 on X^(R 2 ) = n 0 ->i'H/ a ^(R 2 ) 
with 

+00 

7(W,X) = 22Sn{^)Tn ad (x), 
n =0 

which is also formally invariant under EE- 


2.3. Plan of the paper. The rest of the paper is organised as follows. In Section [3] we prove the 
results concerning the strong solutions, and in Section [5] we construct the weak solutions. 
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3 . Strong solutions 


3.1. Proof of Theorem 12.21 The proof of Theorem 12.21 is an application of the Liouville theorem. 


Indeed, write un = 22 k =o c N,kfN,k £ -F/v, then 

(N + 1) N+1 


dpN = 


TT 


N+l 


exp (-(IV + 1 ) 


N N 

2 


CN,k 
k =0 fc=0 


'J daN,k dbN,k, 


where c N , k = a Njk + ib N ,k- 

The Lebesgue measure fl^Lo da^ ik dbN,k is preserved since (I CRD is Hamiltonian and ^2^=0 \ c N,k\ 2 = 
is a constant of motion. 

3.2. Proof of Theorem 12.51 We start with the proof of Lemma [2731 


Proof of Lemma HOI We only consider the case X*(M 2 ) = X^(M 2 ). It is enough to show that 7 hoi £ 
0 AB>2 ), p-a.s. First, for all a > 0 we have 


yu nn>2 
^hoi 


(3-1) J W'YholWu-v(R 2 )dp(i 


OJ = 


+00 

E 


\9n 


-f-oo 


(K° l ) 


cr +1 


dp(u) = C ^2 


1 


1 F+T < +°°’ 


; n=0 v " n ' n= 0 ( n + 1 ) C 

therefore 7 hoi £ 'H~ cr (M 2 )). Next, by 0 Lemma 3.4], for all A > 1 there exists a set 

LIa £ fl such that p(fl^) < exp (— A 5 ) and for all u € e > 0 , n > 0 

\9n{u)\ < CA(n + 1) £ . 

+°° z n n~(uA 
. / \hol 

72—0 


Then for w € LU>i * /Thai \ € 

i=0 V*n n - 


We first define a smooth version of the usual spectral projector. Let x £ Cq°(— 1,1), so that 
0 < % < 1, with x = 1 on [—i, |], We define the operators Sjy = x{y~) as 


OCJ 0 CJ \ ^ 

S N (J2 c nP*n) 

72—0 72—0 N 


Then for all 1 < p < + 00 , the operator Sn is bounded in L P (M?) (see [HI Proposition 2 . 1 ] for a proof). 

3.2.1. Local existence. It will be useful to work with an approximation of (1CRD . We consider the 
dynamical system given by the Hamiltonian := LL(Snu). This system reads 

( id t u N = Tn(u n ), (t, x) <E M x M 2 , 

\ un(0,x) = f, 

and Tn(u n ) := SnT(Snu, Snu, Snu). Observe that (13.21) is a finite dimensional dynamical system 
on 0^ o E k and that the projection of ujv(t) on its complement is constant. For j3 > 0 and N > 0 
we define the measures pff by 

dp* (u) = Cp e" / 5 M,vW (i/i*(ii) ) 

where C¥ > 0 is a normalising constant. We have the following result 


2 

L 2 
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Lemma 3.1. The system (13.211 is globally well-posed, in L 2 (R 2 ). Moreover, the measures p+ are 
invariant by its flow denoted by &]y. 

Proof. The global existence follows from the conservation of || itjv llz , 2 (M 2 ) - The invariance of the mea¬ 
sures is a consequence of the Liouville theorem and the conservation of Afc|cfc | 2 by the flow 

of (1CRI) (see [10])- We refer to j3j Lemma 8.1 and Proposition 8.2] for the details. □ 

We now state a result concerning dispersive bounds of Hermite functions 

Lemma 3.2. For all 2 < p < +oo, 

( 3 - 3 ) \\Pn° l \\LP(g. d ) ^ Cn 2 p 4 , 


(3.4) \\Tn ad \\M(Rfl < Cn 4(lnn)4. 

Proof. By Stirling, we easily get that \\Pn° l \\L°°(R d ) — Cn~^, which is (13.31) for p = oo; the estimate for 
2 < p < oo follows by interpolation. For the the proof of (13.41) . we refer to HI Proposition 2.4], □ 

Lemma 3.3. (i) We have 

(3.5) 3C > 0,3c > 0,VA > l,ViV > 1, 

T*{ u € X?(R 2 ) : ||e- itH ^«|| L 4 ([ _ 5>f]><Ra) > A) < Ce~<* a . 

(ii) There exists ft > 0 such that 

(3.6) 3C > 0,3 c > 0 , VA> 1 , ViV > jV„ > 1 , 

^(ue X°(R 2 ) : \\e~ itH (S N - S No )u\\l*([-* * ]xR2) > A) < Ce~ cN ^ 2 . 
(in) In the holomorphic case: for all 2 < p < +oo and s < \ — ^ 

3C > 0,3c > 0,VA > 1,VJV> 1, 

e ltH u \\ l p n w s .p(R 2 ) > A) < Ce cX , 

L T ’ T-l 

e * <H ^|Il 8 / 3 ([-|: i 2 ]xR 2 ) > A) < Ce cX . 


(3.7) 


hhol(u ^ X° oi (R 2 ) : 

Phol(u € X° oi (R 2 ) : 

(iv) In the radial case: for all s < 1/2 


(3.8) 3C > 0,3c > 0,VA > 1,VJV > 1, 

Trad,(u € X° ad (R^) : ||e ltH u\\ L 4 >V s - 4 (r 2 ) > A) < Ce cX . 

i ir > 

Proof. We have that 


R 2 ) : ||e ltH S N u\\ L 4([_?_^ xR ^ > A) 




71—0 


'Ajv' \An 


Lfl[- f,f]xl 


> A 


= P 
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Set 


F(u,t,x) = £) ■ 

n=0 V X n 

Let q > p > 2 and s > 0. Recall here the Khintchine inequality (see e.g. [5], Lemma 3.1] for a proof): 
there exists C > 0 such that for all real k > 2 and (a n ) € ^ 2 (N) 


(3.9) \\^2g n (uj)a n \\ L k < CVk(^2 

n>0 n >0 

if the g n are iid normalized Gaussians. Applying it to (13.91) we get 

2tK Jyn(z)l 2 V /2 
\ * / \ * 
n=0 ’W 

and using twice the Minkowski inequality for q > p gives 


2 \ 2 


\H-n F ^ t , x)h , < 7(f) MM!) 1/2 £ ^(E 


72—0 


(n) 1_s 


OO 

(3.10) \\H s / 2 F{lu, t, x)\\lIl^ x < \\H s / 2 F{u,t,x)\\ L v xLl < Cy/q{^ 


ll^(®)ll|p(R2)Nl/2 


n =0 


(n) 


1 —S 


We are now ready to prove (13.51) . Set p = 4 and s = 0. Since by Lemma PTT?1 we have 
Gn- 1 / 8 , we get from (13.101) 

ll-F(w,*,x)|| L « L 4 a < c Vv- 

The Bienayme-Tchebichev inequality gives then 

p (\\F(uj,t,x)\\ L 4 x >a) < (\~ 1 \\F(u,t,x)\\ aL 4 x ) q < (CX^y/qy. 
Thus by choosing q = 5 A 2 > 4, for 5 small enough, we get the bound 

p(\\F(u,t,x)\\ L 4 x > A) < Ce~ cX2 , 


which is (13.51) . 

For the proof of (13.61) . we analyze the function 


a: 


n=0 V A ^o 


An ^ gnM 


¥&(*)> 


< 


and we use that a negative power of Nq can be gained in the estimate. Namely, there is 7 > 0 such 
that 

\\F No (u,t,x)\\ L * L t' X < Cy/qN ^ 1 , 

which implies (13.61) . 

To prove (I3.71) - (l3.8f) . we come back to (13.101) and argue similarly. This completes the proof of 
Lemma 13.31 □ 


Lemma 3.4. Let f3 > 0. Let p € [1, 00 [, then when N —> + 00 . 

C N e -W N ( u ) —> Cpe-WV) i n L p {d^{u)). 
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In particular, for all measurable sets A C X*(M 2 ), 

P?W —> P.(A). 

Proof. Denote by G^(u) = e~h n N{u) and Gp(u) = . By (13.61) . we deduce that Hn{u) 

in measure, w.r.t. /i*. In other words, for e > 0 and N > 1 we denote by 

An,e = { u € X°(M 2 ) : | G N p (u) - Gp{u)\ < e}, 

then p,*{A c Ne ) —> 0, when N —> +oo. Since 0 < G,Gn < 1, 

\\Gp ~ G^Wlp^ < \\(Gp - G^)1 a n J\l p ^ + \\{Gp - Gp)lA° N ' S \\l p ^ 

< e(Af*(A/v,e)) + 2(p*(A c Ne )) / p <Ce, 

for N large enough. Finally, we have when N — > +oo 


/~<N _ 

Gp - 


(J e-^ ff Wd/i*(ti)) 1 — > ( j e -^d/i*(it)) 1 = C p , 


and this ends the proof. 

We look for a solution to (ICR I) of the form u = / + v, thus v has to satisfy 

(id t v = T(f + v), (t,x)( EMxM 2 , 
|u(0,x)=0, 

with T(u) = T(u,u,u). Similarly, we introduce 

( id t v N = TnU + v N ), (t,x) elxK 2 , 

| u(0, x) = 0. 

Recall that X°(R 2 ) = X^(M 2 ) or X° ad (M 2 ). Define the sets, for s < 


(3.12) 


KaAD) = {f€ X° ad (M 2 ) : 


-itH 


f II 


Lf 


*■ ^,W^ 4 (R 2 ) 
¥ ’T - 1 




TL(u) 


□ 


and choosing p(s) = so that s < ^ 

= {/ € XL(M 2 ) : l|e-“"/|| if rt ,., (R2) < D}. 

L T’TJ l ‘5’ ’ "3" J 

In the sequel we write A+(D) = Ah 0 i(D ) or A rad (D). Then we have the following result 

Lemma 3.5. Let f5 > 0. There exist c, C > 0 so that for all N > 0 

P?{A*(D) C ) < Ce~ cD \ pM^D) c ) < Ce~ cD \ p,{A^ D ) C ) < Ce~ cD \ 

Proof. Since /3 > 0, we have p^ r ( J 4*(D) c ),/9*(A*(D) c ) < . The result is therefore given 

by (13.71) and (13.8ft . □ 

Proposition 3.6. Let s < 1/2. There exists c > 0 such that, for any D > 0, setting r{D) = cD~ 2 , 
for any f £ 71(D) there exists a unique solution v € L°°([— r, r]; T 2 (1R 2 )) to the equation (13.111) and a 
unique solution vn € L°°([— r, r]; T 2 (1R 2 )) to t/ie equation (13.121) which furthermore satisfy 

)> ||^1V || 1 n i a /mi 9 \ \ D- 


I L°°([—TjT];?^ 
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The key ingredient in the proof of this result, is the following trilinear estimate 


Lemma 3.7. Assume that for 1 < j < 3 and 1 < k < 4, (pjk, qjk) £ [2, +oo [ 2 are Strichartz admissible 
pairs, or in other words satisfy 

1 

2 ’ 


1 1 

( [j k Pj k 


and are such that for 1 < j < 4, 


11111111 

- 1 - 1 - 1 -—- 1 - 1 - 1 -— 1 . 

Pj 1 Pj 2 Pj3 Pj4 Qj 1 Qj 2 Qj 3 Qj 4 


Then for all s > 0, there exists C > 0 such that 
\\T{u 1 ,u 2 ,u 3 )\\ H s {R 2 ) <C\\e~ ltH ui 


U> ii w s '<ni 
—itH n 


\e~ UH u 2 \ 


+ (7||e u\ ||^P 2 i L® 2 i 




| e ltH u 2 
\e~ itH u 2 


4“^1l e Ul liLP3iL83i 
with the notation L p W s,q = L p ([—f, f]; IV s ’ 9 (M 2 )). 

Proof. By duality 

||T('U 1 ,U2,'U 3 )||- H a( ]K 2) = SUp (i7 S / 2 r(lXl,U 2 ,W 3 ),lx}L2(]R2) 

ll' u llr2(R2)=l 


LP12L912 

LP22W s ’ q 22 
LP32 L932 


e 


|| e ltH u 3 
e- itH u 3 " 


LP13LH3 

LP23 LI 23 
LP33 W s, ^33 ' 


= 2 - 7 T Slip 


ll u lll, 2 (R 2)—1 J 4 


/ 4 / 

7R2 V 


-itiL 


ui)(e * H u 2 )(e~ ltH u 3 )) {e~ ltH u)dx dt. 


-itH 


Then by Strichartz for all u of unit norm in L 2 and for any admissible pair (j> 4 , q,f) 

I|T(ui,U2,«3)IIh-(«>) £ C||(e _ “ H ui)(e- , "a 2 )(e-" H u 3 )|| 1 „; vv . j ,; 

< C||(e-‘» ul )( e - i ‘" tl 2 )(F^)|| 1 „, vv ,„ ; . 

We then conclude using (11.31) and applying twice the following lemma. 

We have the following product rule 
Lemma 3.8. Let s > 0, then the following estimates hold 

\\uv\\ws, q < C\\u\\ L n |Ml w s, 9 i + C \\ v \\li 2 \\u\\ wS ^ 2 , 


II11 LP4 LI 4 


□ 


with 1 < q < oo, 1 < qi, q 2 < oo and 1 < q[, q' 2 < oo so that 

1 _ 1 1 _ 1 1 

q qi q[ <?2 q' 2 ' 

For the proof with the usual Sobolev spaces, we refer to [241 Proposition 1.1, p. 105]. The result in 
our context follows by using m■ 
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Proof of Provosition IXhl We only consider the equation (13.111) . the other case being similar by the 
boundedness of Sn on L p ( R 2 ). For s < 1/2, we define the space 

Z s (r) = {v € C([—r,r];% s (R 2 )) s.t. v(O) = 0 and \\v\\ Z s( T ) < D], 

with |H|.zs( r ) = II^IIlj’ 0 ] 'H s (k 2 )> an d for / G A+(D) we define the operator 

K(v) = —i f T(f + v)ds. 

Jo 

We will show that K has a unique fixed point v € Z s (r). 


The case of radial Hcrmite functions. By Lemma 13.71 with (pjk, qjk ) = (4, 4), we have for all v € Z s (r) 
\\K(v)\\ Z s { t) < r||r(/ + v)|| z . (T) 


(3.13) 


< Ct 


if + 11^4 Ws, 4 


^t£[— r,r] 


Next, by Strichartz and since v € Z s (t ) 


—isH 








W S ’ 4 (R 2 ) 




II —isH 

1 W s ’ 4 (K 2 ) + ll e ' V[ ~ Z )ttL 4 g< _ [ _ n W] W S ’ 4 


< C(D + ||'L , (i)||>£«(K 2 )) < 2 CD. 


Therefore, from (13.131) we deduce 

\\K( v )\\zs ( t)<CtD 3 , 

which implies that K maps Z s (r) into itself when r < cD~ 2 , for c > 0 small enough. 
Similarly, for vi,v 2 G Z s (t), we have the bound 


(3.14) 


\\K(v 2 ) - K( Vl )\\ Z s^ < CtD 2 \\v 2 - Ul||z«(r)» 


which shows that if r < cD 2 , K is a contraction of Z s {t). The Picard fixed point theorem gives the 
desired result. 


The case of holomorphic Hermite functions. For s < ,, recall that we set p = p(s) = 19a so that 

8 < 1 - I 

* ^ 2 p' 

\\K(v)\\ Z s {r) < t||T(/ + u)|| z . (t) 

< Cr(\\T(fJJ)\\ Zs + \\T(f, f, v)\\ Zs + ||T(/,t;,u)|| z . + ||T( W )|| ZS ). 

We estimate each term thanks to Lemma l3ol and Strichartz. The conjugation plays no role, so we 
forget it. 

Estimate of the trilinear term in v: 


\\T(v,v,v)\\ ns < Cj|e lt ' H v 


lL ^(- 


, W S ’ 4 (R 2 ) 


<C\\v\\ 


3 
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Estimate of the quadratic term in v: for 5 > 0 such that + | + | = 1, 




-it'H . 


t £[ — >'5'J 

+ He - * 4 H v\\ L 4 


II it'H \\ 

W S ’ 4 (R 2 ) ll e V \\L* 


«l-Ml il ‘ Ra > 1 


-it'H 


I Ik 




Estimate of the linear term in v: with the same 5 as above, 
it'H 

v\\. 

L t'e[- 

,—it'H„.\\ . \\ n —it'H t\\2 

r 

_ T’T J * ' 


—it'H n || || — it'H 


\\T(v,f t f)\\ w <C\\e-"»v\\ Lr + LS/3+iR2) \\e-*"f\\ 

+ l|e _tt j/w ll^ /6[ _ 4 ^ 1 W s . 4 (M 2 )ll e_lt "/llL 4 cr _ 2[ S1 L 4 ( K 2) 

< C , I? 2 ||u|| WS ( K 2). 


f\\ L p 

" L t’e [-f ,ii 


Estimate of the constant term in v 

-it'H r ||2 


\\T(vJJ)\\ w <C\\e-^fr L/ 8/3+(R2) l|e-^/|| L , e[ _ 

4 - * 

With these estimates at hand, the result follows by the Picard fixed point theorem. 

3.2.2. Approximation and invariance of the measure. 

Lemma 3.9. Fix D > 0 and s < 1/2. Then for all £ > 0, there exists Nq > 0 such that for all 
f € A±(D) and N > N 0 

||^(0/ ~ ^ >Ar ( i )^llL°°([-ri,Ti];'K s (R 2 )) — £ ’ 
where r\ = cD~ 2 for some c > 0. 

Proof. Denoting for simplicity T{f) = T(/, /, /), 


VV s ’ p (R 2 ) — 


< CD i 


□ 


v-v N = -i f [S N (T(f + v)-T(f + v N )) + (1 - S N )T(f + i;)] da. 
Jo 

||(1 — S/v)T(/ + v)||^( R 2 )<is, 


As in (13.141) we get 

\\v - vn\\z°(t) < CtD 2 \\v - Ujv|U*(t) + J 

which in turn implies when CtD 2 <1/2 

\\v - v N \\ Z s(r) < 2 / ||(1 - S N )T{f + tO|| WS ( R 2 )cis. 


Let rj > 0 so that s + rj < 1/2. Then by the proof of Proposition [3T6l ||T(/ + v)\\ L oo u s+, i(M 2 \<CD 3 


if r < cqD 2 and therefore there exists Nq = Nq(e,D) which satisfies the claim. □ 

In the next result, we summarize the results obtained by Suzzoni in j9, Sections 3.3 and 4], Since 
the proofs are very similar in our context, we skip them. 

Let Dij = (i + j 1 / 2 ) 1 / 2 , with i,j € N and set T t j = X^=i T i(Di,e)- Let 

EjV.i ■= {/ : Vj € N, * N (±T id )f € A(D iJ+1 )}, 
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and 


£* := limsupSjv,*, £ := [J £*• 

N ^+oo igN 


Proposition 3.10. Let f3 > 0, then 

(i) The set £ is of full p+ measure. 

(ii) For all f £ £, there exists a unique global solution u = f + v to ()CRH . and for all tel, u(t) € £. 
This define a global flow on £ 

(in) For all measurable set A C £, and all tel, 

pM) = 

4. Weak solutions: proof of Theorem 12.61 

4.1. Definition of T~{u,u,u) on the support of p.. For N > 0, denote by IItv the orthogonal 
projector on the space ® fc=0 Ek (in this section, we do not need the smooth cut-offs Sn). In the 
sequel, we denote by T(u) = T(u,u,u ) and Tn(u ) = IIjvT(II/vu, n^u, Iljvtt) 

Proposition 4.1. For all p > 2 and a > 1, the sequence (Tn («))jv> i is a Cauchy sequence in 
L P (X _ 1 (M 2 ), £>, dp-, % _f 7 (M 2 )). Namely, for all p > 2 , there exist 6 > 0 and C > 0 so that for all 
1 < M < N, 

f II Tn(u) - TM{u)\\ P H ^ m dp(u) < CM- 5 . 

Jx- i(R 2 ) 1 

We denote by T(u) = T{u,u,u ) the limit of this sequence and we have for all p > 2 

(4-1) I|7 _ (' u )IIiT'H- ct (r 2 ) < Cp. 


Before we turn to the proof of Proposition 14.11 let us state two elementary results which will be 
needed in the sequel 


Lemma 4.2. For all n € N, 


+oo 

£ 

k=n 


L( k 

¥ I 


v- 


+oo 

£ 

k=n 


k\ 


2 k n\ [k — n)\ 


= 2 . 


^ +oo 

Proof. For \z\ < 1 we have -= z k . If one differentiates n times this formula we get 

l — z 

k =0 


n\ 


+OO 

£ 


k\ 


„k—n 


(1 — z) n+1 ^ [(k-n)l 


which implies the result, taking z = 1/2. 

Lemma 4.3. Let 0 < e < 1 and p, L > 1 so that p < L e . Then 

< C2~ l/2 . 


□ 


L\ 


2 L ( L-p)\ 
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Proof. The proof is straightforward. By the assumption p < L £ 

L! <L p < C2 L/2 , 


(L-p)\ 


which was the claim. 


□ 


Proof of Proposition \f. 1\ By the result m Proposition 2.4] on the Wiener chaos, we only have to 
prove the statement for p = 2 . 

Firstly, by definition of the measure p 

/ \\7n(u)-Tm(u)\\ 2 h -„ ( R2) d^(u) = / ||7iv(7(a;))-7M(7(w))||^_ 17 (R 2 ) dp(a;). 

Jx-!{ R 2 ) Jn 

Therefore, it is enough to prove that (J/v( 7 )) N>1 is a Cauchy sequence in L 2 (fl; "H~ <T (M 2 )). Let 
1 < M < N and fix a > 1/2. By (11.211 we get 

rj-QT /_,\ 1 \ ' 9n\9n 2 9nz ,~hol ,Jiol\ 

H INPY) = 7“-1-rNTF'Wm ,<Pn* ) 


2 a Z-J ( ni + n 2 - n 3 + l) c 

A n 


7r 


E 


(ni + n 2 )! 


9ni9n 2 9n3 


8 • 2 a 2 ni+n 2 -\/rii! n 2 ! 113 ! (ni + n 2 — 113 )! (ni + n 2 — 713 + 1 ) 

1 


J 10 Z 

a t Ani+n 2 -n 3 


7T 


iJV 

AT 


\^ 1 ( SP (ni + n 2 )! \ 

2^ ( p + i)a 1,2^ 2 ni+n2 \/m ! no! m! n! 9 ^ 9n ^) Lp P ’ 


p=0 


i(p) 


2 nj + n 2 ^/ni! n 2 ! 77 , 3 ! 


with 


Therefore, 


An = jn € N 3 s.t. 0 < rij < N, 0 < n\ + n 2 — 713 < JV}, 


= {n € N 3 s.t. 0 < nj < N, m + n 2 — 713 = p] if 0 < p < N. 


117^(7) ( 7 ) 11 ’R a (]R 2 ) — 

2 JV 

■E 


7T 


1 


E 


(ni T 7l 2 )! (nil + ni 2 )! 5 ni 5n 2 9n 3 9m 1 9m 2 9m 3 


64. 2 2a ^{jp+ l) 2a /V 2 ni+n2 2 mi+m2 p! Vni! n 2 ! n 3 ! V^i! m 2 ! m 3 ! 

p “° MeAW x4 „ 


where A^ N is the set defined by 

A^m n = |n € N 3 s.t. 0<nj<N, n\ + n 2 — 113 = p € {0 ... N}, 

(n\ > M or n 2 > M or 113 > M or p > M)|. 

Now we take the integral over Q. Since (g n )n >0 are independent and centred Gaussians, we deduce 
that each term in the r.h.s. vanishes, unless 

Case 1: (m,n 2 ,n 3 ) = (mi,m 2 ,m 3 ) or (m,n 2 ,n 3 ) = (m 2 ,mi,m 3 ) 


or 
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Case 2: (ni,n 2 ,mi) = (n 3 ,m 2 ,m 3 ) or (ni,n 2 ,m 2 ) = (n 3 ,mi,m 3 ) or (ni,n 2 ,m 3 ) = (mi,n 3 ,m 2 ) 
or (ni,n 2 ,m 3 ) = (m 2 ,n 3 ,mi). 

We write 

j \\Tn(i) — TM(7)||^-2c( E 2)dp = Ji + J 2 , 

where J± and J 2 correspond to the contribution in the sum of each of the previous cases. 

Contribution in case 1: By symmetry, we can assume that (ni,n 2 ,n 3 ) = (mi,m 2 l m 3 ). Define 
= jn € N 2 s.t. 0 < rij < N, and (m > M or ro 2 > M or n\ + ro 2 — p > M or p > M) j. 


Then 


Ji<cT. 


1 


E 


((ni +n 2 )\y 


p > 0 


(l+p) 2a Z—/ 2 2 ( ni+ri2 )p! m! n 2 ! (ni + n 2 — p)! 


B 


(p) 

In the previous sum, we make the change of variables L = n\ + n 2 , and we observe that on N , we 

( L !) 2 


have L > M, then 


j. < ex; 


1 


E E 


(1+n) 2 " Z-/ Z_^ 2 2L p\ n\\(L — n\)\ (L — p)\ 

P > 0 v yj L>p+Mn 1=0 b t \ v -fY 


c X n _l ^20 X] 


L! 


(l + p) 2a ' 2 L pl(L—p)l 

p >0 V L>p+M y v 


yni=U VniJ 

+ OO 


where we used the fact that Yln 1= o CfJ = 2 L . Let e > 0 and split the previous sum into two pieces 

Tr I “(“OO -j +OO T • 

Ll , r V 1 v L 

L! ! 


M £ j +00 T , +OO ^ +OO 

^ — ^ (1 + p) 2 “ 2 L p\(L — p)\ ' ' (1 + p) 2a 2 L p\(L — p)\ 

p=0 v L=M y y yj p=M e +l v yj L=p F 


< 


M £ ^ +00 

^ (1 + p) 2 “ XT 2 L p\(L — p)\ ^ 

p=0 v L=M y K p=M e +l 


(1 +p) 


2a 


Ju + J12, 

by Lemma 14.21 For the first sum, we can use Lemma 14.31 since p < M £ < L £ , thus 

M £ +OO 1 +OO 


Ju<CY, 


1 


E V7i^E 


1 


—' (1 + p ) 2 q o ! Z ^ 2 l / 2 Z ^ 2 l ! 2 

p =0 v ^ L=M L=M 


< CM~ S . 


Next, clearly J 32 < CM 5 because a > 1/2, and this gives J\ < CM 6 . 
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Contribution in case 2: We can assume that ( 111 , 772 , 7711 ) = ( 77 . 3 , 7712 , 7713 ). Then for 77,771 € A^'j 
we have 77.2 = m 2 = P • Moreover, by symmetry, we can assume that 7ii > M or p > M. Thus 


L M,N 


J < 1 ( 771 +p)! ( 7711 +p)! 

2 - 2 n l+P2 mi+ P77i! 7771 ! (p! ) 2 

p>0 V m=M+lmi=0 1 1 ' 


sr' 1 y^ y^ (hi +p) } - (mi +p)\ 

(l + p) 2 ° Z_> Z_^ 2 n i+P2 mi +Pni!mi! (p! ) 2 ' 21 22 ’ 

To begin with, by Lemma 14.21 we have 


J22 = c Y 


p>M+l 


+00 

E 


_ (ni +p)! 

(1 +p) 2 “ l Z-, 2 ni +P?7i!p! 


+00 


E (777i + p)! 

2 m i+p m .ip] 
mi =0 ^ 


1 


- 4C E (TTrt 

p>M+l V 


\2a — 


< cM 


—8 


Then by Lemma 14.21 again 

1 


1 +00 

J 21 = C Y1 (l+p)2a( Z 

p>0 ' 2 ni=M-(- 


2C'E 

p>0 

M e 


1 


(l +p )2a 

1 


p=0 

:= K 1 +K 2 . 


_ (ni + p)! 

(l+p) 2c A Z_^ 2 n i+Pm!p! 
v m=M +1 1 i 

y? (m+p)! 

2 ril +Pn 1 ! p! 
m=M+i 1 ^ 

y^ (773 + p)\ 

Z^ 2 ni+ i ) 77 1 ! p! 
m=M+l 1 ^ 


+00 


E (r77l + p)! 
2™i+Pmi!p! 

mi=0 1 1 


= 2 C V-- 

(IT p) 2a 


+OO 


+ 


2C £ 


p=M £ +l 


(i +p) 


, 2 a 


y (ni+p)! 

„Z + i 2 ” ,+,, "' ! f ! 


One the one hand, by Lemma 14.31 

M e 


1 +p) 2 a p! 


+OO 

Y 2" ni/2 ) < CM~ 5 , 

m=M+i 


and one the other hand, by Lemma 14.21 

k 2 <c Y 


since a > 1/2 

+00 1 


< CM 


—8 


(1 +p) 
p=M e +l v 

Putting all the estimates together, we get J 2 < CM~ S , which concludes the proof. 
4.2. Study of the measure U]\f. Let AT '' 1 w " -r„'i— 


□ 


(4.2) 


et N > 1. We then consider the following approximation of (ICRI) 
idtu = Tn(u), (t, i)elx M 2 , 
u(0,x) = f(x) € X _ 1 (M 2 ). 
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The equation (14.211 is an ODE in the frequencies less than N, (1 — Iljv)n(t) = (1 — IIjv)/ and for 
all t € M. 

The main motivation to introduce this system is the following proposition, whose proof we omit. 


Proposition 4.4. The equation (14.211 has a global flow <3?tv- Moreover, the measure /i is invariant 
under <I>tv •' For any Borel set A C X“ 1 (M 2 ) and for all t € M, p($N(t)(A)) = p(A). 

In particular if if x -i(«) = p then for all t € R, ^x- 1 ($iv(f) l 0 = p. 

We denote by z^tv the measure on C([—T, T]; X _ 1 (M 2 )), dehned as the image measure of /a by the 
map 

X-^M 2 ) —► C([-T,T];X- 1 (M 2 )) 
v i—> 4 >a r(t)(v). 


Lemma 4.5. Let a > 1 and p > 2. T/ien f/iere exists C > 0 so that for all N > 1 


- c - 


Proof. Firstly, we have that for a > 1, p > 2 and ./V > 1 


'L v t Hx' t WlI n - 


Indeed, by the definition of z//v and the invariance of p by 4 ?tv we have 

\\u\\ LP L v H -a = (2T) 1 / p \\v\\ LPn -a = (2 Tf/P 
Then, by the Khintchine inequality (13.911 and (13.1H . for all p > 2 


T P %l~ a • 
F'p Tt x 


LlHx a - C VpWtWlIH-* - c - 


We refer to [H Proposition 3.1] for the details. 
Next, we show that 


T v y^-cr || jp < C. By dehnition of z^tv 


\\ d tu\\ p P P a 

1Jv N rLx 


L 


c([-T,T];AT - 1 


p P Avn(u) 

J-'rp TLx 


L 


m N mv)\\ p dp( V ). 

j-/ r p tlx 


Now, since 4 >t v(t)(v) satisfies (|4.2I) and by the invariance of p, we have 


lI n l v t h, 


I \\T N ($ N (t)(v))\\ P LP dp(v) 

Jx “TK 2 ) r T n x 

2 T I \\T n (v)\\ p dp(v), 

J X~ 1 (R 2 ) Hx 


and conclude with (14.11) and Proposition 14.11 


□ 
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4.3. The convergence argument. The importance of Proposition 14.51 above comes from the 
fact that it allows to establish the following tightness result for the measures i/jv- We refer to [U 
Proposition 4.11] for the proof. 

Proposition 4.6. Let T > 0 and a > 1. Then the family of measures 

(utv)a> l with u N = ^CtH-* ( u N (t);t € [—T, T\) 
is tight in C ([— T, T]; % _CT (R 2 )). 

The result of Proposition 14.61 enables us to use the Prokhorov theorem: For each T > 0 there exists 
a sub-sequence v^ k and a measure v on the space C([— T, T];X _1 (R 2 )) so that for all r > 1 and all 
bounded continuous function F : C([—T,T];'H _T (R 2 )) —> R 


L 


F(u)dv Nk (u) 


L 


F(u)du{u). 


/c([—T,T];'H- T ( R 2 )) 

By the Skohorod theorem, there exists a probability space (14, J 7 , p), a sequence of random vari¬ 
ables (u 7 v fc ) and a random variable u with values in C([—T, T}; X _ 1 (R 2 )) so that 

(4.3) J?{d Nk -te [~T,T]) =&{u Nk ;t G [~T,T]) = v Nk , &{u; t G [-T, T}) = u, 
and for all r > 1 

(4.4) d Nk ^u, p-a.s. in C([-T,T];1T T (R 2 )). 

We now claim that J^-i ( u N k (4)) = -^x~ x (ujv fc (4)) = /r, for all t € \—T,T] and k > 1. Indeed, for 
all t G [— T, T], the evaluation map 

R t : C([-T,T];X" 1 (R 2 )) —> ^(R 2 ) 

u i—> u(t,.), 

is well defined and continuous. 

Thus, for all t € [—T, T], ujy k (t ) and UN k (t) have same distribution (Rt)#VN k - By Proposition 14.41 
we obtain that this distribution is /r. 

Thus from (14.41) we deduce that 

(4.5) J? x -i(u(t)) = », Vt G [~T,T], 

Let k > 1 and t E R and consider the r.v. X k . given by 

X k = u Nk {t) - Ro{u Nk {t)) + i / T Nk (u Nk )ds. 

Jo 

Define X k similarly to X k with uj\[ k replaced with UN k . Then by (|4.3D . 

‘&C T X- 1 (XN k ) = ■%’c T X- 1 { X N k ) = So. 

In other words, X k = 0 p-a.s. and UN k satisfies the following equation p a.s. 

(4.6) u Nk (t) = R 0 (u Nk (t )) - i [ T Nk {u Nk )ds. 

Jo 
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We now show that we can pass to the limit k 
solution to ([CRD written in integral form as: 


+oo in (14.611 in order to show that u is p-a.s. a 


(4.7) 


u{t) = Ro(u(t)) — if T{u)ds 

Jo 


Firstly, from (14.41) we deduce the convergence of the linear terms in equation (14.611 to those in (14.71) . 
The following lemma gives the convergence of the nonlinear term. 

Lemma 4.7. Up to a sub-sequence, the following convergence holds true 

T Nk (u Nk ) —► T(u), p-a.s. in L 2 {[-T ,T\,U~ a ( M 2 )). 

Proof. In order to simplify the notations, in this proof we drop the tildes and write N k = k. Let 
M > 1 and write 

Tk(u k ) - T{u) = (' Tk(u k ) - T(u k )) T (T{u k ) - Tm(u h )) T (TmK) - 7m( it)) + (7 m( it) - T(u )). 
To begin with, by continuity of the product in finite dimension, when k — > +oo 
T M {u k ) —> T m (u), p-a.s. in L 2 ([-T, T]; H~ ff (R 2 )). 

We now deal with the other terms. It is sufficient to show the convergence in the space X := 
L 2 (n x [—T, T]; 77~ CT (M 2 )), since the almost sure convergence follows after exaction of a sub-sequence. 
By definition and the invariance of /i we obtain 


7m(hA:) - T(lt fe ) 


\x 


/Ca-T.T];*- 1 ) 


Tm(v) - T{v) || L ^_ CT d v k (v) 


A" 1 


-L 
- L 

= 2 T I 
Jx - 1 

which tends to 0 uniformly in k > 1 when M 


l 2 t h~ x 


d p(f) 


rM(/)-r(/))||^ w -.d/i(/) 

\\T M (f)-T(f)\\ 2 n -„dn(f), 

Too, according to Proposition 14.11 
The term || Tm (u) — T(u) ||^ is treated similarly. Finally, with the same argument we show 

|| T k (u k ) - T{u k ) \\ x < C\\Tk(f) - T(f) \\ L2H -„ 


which tends to 0 when k —> Too. This completes the proof. 


□ 


4.4. Conclusion of the proof of Theorem 12.61 Define / = 5(0) := Rq(u). Then by (14. 5 j) . 

(/) = 5 an d by the previous arguments, there exists IF C D such that p(fF) = 1 and for 
each u/ € D', the random variable u satisfies the equation 

(4.8) 


u = t - 


f — i [ T(u)dt , ( t,x ) 

Jo 


Set S = /(fF), then /i(S) = p(D') = 1. It remains to check that we can construct a global dynamics. 
Take a sequence Tjy — >• Too, and perform the previous argument for T = T x . For all N > 1, let 
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be the corresponding set of initial conditions and set £ = njveNSAr. Then /r(£) = 1 and for all / € £, 
there exists 

ueC(R;X~ 1 (R 2 )), 

which solves (14.811 . This completes the proof of Theorem 12.61 
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